Mathematical sense-making-looking for coherence between the structure of the mathematical formalism and causal or functional relations in the world-is a core component of physics expertise. Some physics education research studies have explored what mathematical sense-making looks like at the introductory physics level, while some historians and "science studies" have explored how expert physicists engage in it. What is largely missing, with a few exceptions, is theoretical and empirical work at the intermediate level-upper division physics students-especially when they are learning difficult new mathematical formalism. In this paper, we present analysis of a segment of video-recorded discussion between two students grappling with a quantum mechanics question to illustrate what mathematical sensemaking can look like in quantum mechanics. We claim that mathematical sense-making is possible and productive for learning and problem solving in quantum mechanics. Mathematical sense-making in quantum mechanics is continuous in many ways with mathematical sense-making in introductory physics. However, in the context of quantum mechanics, the connections between formalism, intuitive conceptual schema, and the physical world become more compound (nested) and indirect. We illustrate these similarities and differences in part by proposing a new symbolic form, eigenvector eigenvalue, which is composed of multiple primitive symbolic forms.
I. INTRODUCTION
Learning quantum mechanics (QM) poses many challenges above and beyond the skills that are developed in introductory physics [1] [2] [3] . Some of these challenges are similar to those faced in introductory physics [4] , but some are new: students have to learn to activate new ontologies for quantum entities [5] [6] [7] [8] [9] [10] , navigate multiple interpretations of quantum mechanics [11, 12] , calculate with new mathematical structures [13, 14] , and engage with fundamental issues of quantum measurement [15] [16] [17] .
To this list we add another essential element of quantum mechanics expertise: mathematical sense-making, by which we mean looking for coherence between the mathematical formalism and functional or causal relations in the world [18, 19] . As a brief example of why mathematical sense-making in QM (and more generally) is not the "simple sum" of conceptual understanding and facility with formalism, consider the incommensurability of pairs of physical quantities corresponding to noncommuting QM operators, such as position and momentum or the x and y components of spin. We can imagine students who develop an adequate conceptual understanding of the indefiniteness of physical quantities in QM and also develop formal problem-solving facility with commutation relations, but who do not "translate" back and forth between the conceptual and formal or mathematical knowledge to "read off" incommensurability from commutation relations, or relate noncommuting operators as represented in position space to properties of Fourier transformations (which transform very narrow-peaked Gaussians into wider-peaked Gaussians), and so on.
Aspects of mathematical sense-making have already been studied in introductory physics [20] [21] [22] [23] [24] , and to a lesser extent in upper division classical physics. We ask: What does mathematical sense-making look like in quantum mechanics?
This paper is not an empirical investigation meant to map the terrain of students' mathematical sense-making in quantum mechanics, nor an experiment to test particular hypotheses. Instead, it is a theory-building effort which uses data to illustrate the constructs and conjectures we introduce and to begin exploring how researchers can "see" mathematical sense-making in students' QM problem solving. We hope this work will be generative for two overlapping pockets of physics education research (PER). One is research about student thinking and associated curriculum development in upper division quantum mechanics. The other is research on students' mathematical sense-making in physics, which has previously focused mostly on students in introductory physics courses, with some exceptions [13, 25] . A smaller literature touching on mathematical sense-making in upper division physics has, for instance, catalogued misconceptions and knowledge gaps students display when interpreting fundamental equations in QM [26] ; identified mistakes students make when translating between charge distributions and delta functions or vice versa, often arising from misunderstandings of notation and from inappropriately pattern matching to simple one-dimensional cases [27] ; found that students have trouble making physical sense of the derivation for and meaning of the Boltzmann factor [28] ; and identified constructs within students' personal epistemologies that are associated with mathematical sense-making or its absence [22, 25] . However, most of this previous work on upperdivision physics reasoning does not identify particular cognitive resources that could serve as a bridge between students' prior knowledge and a fully correct conceptual and symbolic understanding of the targeted material.
In this paper, we make plausible the argument that the cognitive resources needed for mathematical sense-making in introductory physics are necessary but not sufficient for mathematical sense-making in quantum mechanics. To start, we briefly review a theoretical construct for describing and analyzing aspects of students' mathematical sensemaking in introductory physics, Sherin's symbolic forms [29] , and review how it captures facets of emerging expertise in problem-solving. Next, we present an episode of two students collaboratively answering a quantum mechanics question. We argue that the students engage in some aspects of mathematical sense-making but not others, and that this sense-making (and lack thereof) is consequential in their reasoning, not just a tangent and not just "along for the ride." Then, using this episode as a touchstone, we introduce some new candidate symbolic forms relevant to eigenvector-eigenvalue equations, arguing for their existence and importance in QM mathematical sense-making. We also discuss how the relation between symbolic forms and physics concepts is likely to be more indirect in QM than in introductory physics.
Finally, stepping back from these finer-grained details, we argue that when students do not succeed in mathematical sense-making in quantum mechanics, the root cause is not necessarily a more general failure to engage in mathematical sense-making, or an epistemological belief that mathematical sense-making is not productive in this domain [30] . The issue may instead be that students are not using particular cognitive machinery, which we model as particular symbolic forms, needed to engage in expert mathematical sense-making in QM (and perhaps in other fields of physics using the same mathematical constructs). Some of these new symbolic forms, we argue, are not primitive, but are built out of smaller components, including some existing symbolic forms. There could, of course, be social, epistemological, or conceptual reasons for why this machinery is not engaged in specific scenes of collaborative physics work, but we do not explore these reasons here.
II. MATHEMATICAL SENSE-MAKING IN PHYSICS
Mathematical sense-making is not a single, well-defined construct. Different flavors of it have been discussed, using varied terminology, in the mathematics and science education literature. A common thread, however, is to distinguish mathematical sense-making from an algorithmic approach to conceptualizing and approaching problem solving. An early example of this distinction comes from Wertheimer [31] , who posed problems of the form ð812 þ 812 þ 812 þ 812 þ 812Þ=5 ¼ ? Many students successfully took an algorithmic approach, summing up the numerator and dividing by the denominator to get 812. But other students saw the "shortcut," based on understanding the conceptual meaning of repeated addition and of division.
A. How mathematical sense-making differs from standard problem solving
Researchers studying mathematical sense-making in physics typically focus on reasoning in which students not only leverage a conceptual understanding of the relevant mathematical entities and operations, as in the Wertheimer example above, but also connect the meaning of those entities or operations to causal and/or functional relations in the physical world. In doing so, they (like Wertheimer) contrast mathematical sense-making with approaches in which conceptual reasoning and symbolic manipulations are more cleanly separated.
To illustrate these points, we summarize an example from Kuo et al. [23] . They studied students' responses to the following question:
solutions could be summarized, at least approximately, by the following steps.
1. Draw and label diagrams of the two separate balls.
2. Decide what physical principles are relevant or what "kind" of problem it is, in this case a kinematic constant-acceleration scenario with gravity accelerating both balls at the same rate (g), 3 . Translate the physical description and insights from steps 1 and 2 into equations-in this case, v ¼ v 0 þ at applied to each ball separately 4. Solve the equations from step 3, in this case to solve for the final speeds and then the difference between them. 5. Check the final answer for plausibility (a reflection step, in this case often prompted by the interviewer). A principled, metacognitively aware version of these steps, with an emphasis on carefully thinking through the physical scenario and the underlying concepts or principles before jumping to equations, corresponds to expert quantitative problem solving as described, taught, and researched by many in PER [20, 21] . Potential opportunities for mathematical sense-making arise when students "translate" the physical scenario into equations (step 3) and check the final answer for plausibility (step 5). In this particular case, however, most students' step 3 was simply a matter of recognizing this scenario as a free-fall kinematics problem, for which they can use the "standard" constant-acceleration kinematic equations with a ¼ g; students following this solution path did not try to figure out the deeper "meaning" of the equation(s), which simply served as problem-solving tools.
Step 5, by contrast, sometimes did provoke mathematical sense-making, as we now describe.
Although most students in Kuo et al.'s study took the solution path outlined above, some students approached the problem differently, either right from the start or when revisiting their answers in step 5. In this second approach to the problem, students used some variant of the following reasoning, explicitly referring to the equation v ¼ v 0 þ at: While falling, both balls speed up at the same rate. Therefore, they both gain the same amount of speed. So, since the thrown ball starts out 2 m=s faster than the dropped ball, the thrown ball is still 2 m=s faster at the later time. Kuo et al. argued that this solution path relies on mathematical sense-making, in that students are using the conceptual meaning of the equation: the final velocity is the initial velocity plus the velocity gained (as given by the rate of gain of velocity multiplied by the time over which the gain occurs). Following Wertheimer, they also argued that this "shortcut" approach reflects a form of adaptive expertise [32] with respect to using equations, a form of expertise that physicists develop and value.
B. Symbolic forms
In this section we review the cognitive structures that Kuo et al. and others [33] have used to model the knowledge upon which students draw when engaged in mathematical sense-making.
Sherin [29] videotaped pairs of 3rd semester physics students working together to address unfamiliar physics scenarios, ones for which they could not simply use a standard problem-solving algorithm. Using a "bottom up" approach to characterizing students' knowledge and reasoning, Sherin proposed the existence of knowledge elements called symbolic forms. Each symbolic form has two components: a symbol template and an associated conceptual schema. To illustrate this idea, we discuss the symbol template that Kuo et al. used to cognitively model students' mathematical sense-making in the problem discussed above, namely, base þ change [23, 29] .
The symbol template for base þ change is □ ¼ □ þ □: a quantity equals the sum of two other quantities. And more generally, a symbol template is an algebraic expression or equation with "blanks" instead of particular values filled in. A conceptual schema, by contrast, is an intuitive schema for thinking about the physical world. The conceptual schema for base þ change is the intuitive idea that the amount you end up with is the amount you started with plus the amounts gained (or lost). This final amount is initial amount plus change conceptual schema appears in people's reasoning in everyday life, reasoning about money or pizza, sometimes without quantitative precision (e.g., "I just got paid so I have more money than before!"). In Sherin's schema, the base þ change symbolic form is a cognitive "fusion" of the □ ¼ □ þ □ symbol template and the final amount is initial amount plus change conceptual schema into a "compiled" cognitive unit that the student then uses in a unified way, without teasing apart the symbolic template from the conceptual schema. For instance, in the mathematical sense-making approach to the problem discussed above, students parse "v ¼ v 0 þ at" as the symbol template □ ¼ □ þ □ and reason in terms of the final amount is initial amount plus change to interpret the equation as saying "final velocity equals the initial velocity plus the change in velocity." By this account, the base þ change symbolic form has "dual citizenship" in the world of formal symbolic reasoning and the world of intuitive reasoning about physical reality.
Importantly, in Sherin's framework, a given symbolic template can be paired with multiple conceptual schema, producing multiple symbolic forms. For instance, the symbol template of base þ change, □ ¼ □ þ □, can also be paired with a whole consists of parts conceptual schema-the idea that a thing can be broken into parts, and conversely, that parts can be combined into a thing. People might apply that conceptual schema even when reasoning nonquantitatively, e.g., "I'm extra stressed today because I lost my phone and I have a deadline at work." But when the whole consists of parts conceptual schema becomes cognitively coupled to the □ ¼ □ þ □ symbol template, the result is the parts of a whole symbolic form. As Kuo et al. discuss, students might use this symbolic form when writing an equation for the total energy of a system as the sum of kinetic and potential (and possibly other forms of) energy. (Note that the more general symbol template for parts of a whole is "□ ¼ □ þ □ þ □ þ Á Á Á," reflecting the idea that a whole can consist of more than two parts.)
Other research has also documented mathematical sense-making that could be modeled in terms of symbolic forms, though without the explicit modeling. For instance, Bing and Redish [25] analyze a student (in an interview) figuring out how to modify a fluid-flow "mass conservation" equation to apply to a situation where density refers to the concentration of a chemical created at rate Qðr; tÞ. The student writes down an equation that we can schematize, based on the student's previous comments, as Note that the two terms represented by brackets involve derivatives and volume integrals, but their exact form does not matter for the point we are making here. Nor does it matter, for our argument, that the student neglected to integrate Q over the volume.
The student wrote "AE" because he was not sure which sign to use. At the interviewer's suggestion, he thought through whether þQ makes sense in the equation. He initially (and correctly) thought it might:
Uhhh, yeah, if it's a, if it's a positive sign then the right hand side has to increase (points to right-hand side of equation) because something is getting sourced inside this volume. So for this to increase… (points to his drawing, representing the physical meaning he attributed to the term on the right-hand side of the equation)
The student is thinking that, the faster the chemical gets created ("sourced") inside the volume (bigger Q), the faster it must flow out of the volume (bigger right-hand side of equation). Then the student looks back at the equation and decides Q must have a minus sign in front:
Yeah, so it cannot be a positive, it has to be a negative, because then that's [the right-hand side] going to increase-for these signs to match (points to the signs in front of the two terms on the left-hand side) for the magnitude [of right-hand side] to increase. (Erases "AE" and writes a minus sign in front of the Q). So it's probably negative.
Although the student's meaning is ambiguous, we see the following interpretation as plausible: In this moment, the student sees the two terms on the left side as "contributors" to or influences upon the overall rate of flow out of the volume, as represented by the right side. The student decides that the signs of those two contributions or influences must "match"; and negative is ok because now the student is thinking about what it takes for the "magnitude to increase" on the right side (emphasis ours).
So, we suggest that the student rejects the equation in the form þQ − ½ ¼ ½ because in this moment he interprets the left side using the opposition symbolic form, the idea that two influences oppose each other rather than helping each other, corresponding to the symbol template "□ − □"-one term subtracted from the other. By matching the signs on the left-hand side, he "fixed" the opposition, expressing instead that the two contributions or influences help or reinforce each other. (Bing and Redish do not interpret the data presented in terms of the machinery of symbolic forms; here, we are reinterpreting the data through the lens of symbolic forms. However, their analysis is wellaligned with and does not contradict the symbolic forms interpretation.)
From an expert perspective, the student's reasoning went wrong because he interpreted the second term on the left side, [rate at which amount of chemical inside the volume changes], as an influence on the flow rate out of the volume rather than the net effect of other influences. Had the student rearranged the equation as We present this complicated, ambiguous case to illustrate that symbolic forms, though "discovered" in introductory physics, can help us describe and analyze students' mathematical sense-making in classical upper-division physics, too.
Based on his particular data corpus, Sherin generated a "semiexhaustive list" of 21 symbolic forms but acknowledged that others undoubtedly exist. Later in this paper, we will propose new symbolic forms to model aspects of students' reasoning about quantum mechanics. Our main point for now is that symbolic forms are a way of cognitively modeling an aspect of mathematical sense-making, the "blending" (fusion) of formal or symbolic and intuitive or conceptual reasoning. This kind of blending contrasts sharply with a plug-and-chug approach to problem solving. It also contrasts somewhat with exemplary quantitative problem solving, as articulated by Heller and colleagues [20] , where mathematical sense-making sometimes occurs when the physical scenario is "translated" into equations, depending on how that translation is conducted, and sometimes when the answer is checked for sensibility, again depending on the nature of that check. The slice of mathematical sense-making we explore in this paper takes place during the "mathematical" steps, not just before and after.
C. Summary and next steps
So far in this paper, we have reviewed how symbolic forms can be used to describe and analyze an aspect of students' mathematical sense-making, the blending of formal or symbolic and intuitive or conceptual reasoning. We reviewed arguments that this aspect of mathematical sense-making is not automatically part of "good" quantitative problem solving as portrayed in the PER literature, but that mathematical sense-making is part of physicists' adaptive expertise in the use of mathematics. Now we turn to the central issue of this paper, the ways in which mathematical sense-making might look the same and/or different as described above when students grapple with quantum mechanics. To ground our later theorybuilding discussion in a specific example, we first present a pair of students addressing a quantum mechanics question.
III. METHODOLOGY A. Data collection
We videorecorded two students in a clinical (nonclassroom) setting in March 2015, working collaboratively through the beta version of a new tutorial on the "particle in a box" (PIAB) [10, 34, 35] . Fred and Gus (pseudonyms) were undergraduate electrical engineering (EE) majors recruited via email from Physics of Devices, an upperlevel EE course with significant quantum mechanics content. Fred and Gus were in different sections of Physics of Devices but knew each other from other courses. The students were given the tutorial, asked to work on it together, and encouraged to talk out loud about their thinking.
B. Data analysis
The episode presented here immediately stood out to the interviewer (the first author) as notable, so he brought it to the full group of authors for collaborative video viewing and analysis [36] . This episode was "found data" in the sense that investigating mathematical sense-making was not an original objective in collecting the data; we were focused on the dynamics of students' ontological conceptions. However, the relevance of the data to exploring mathematical sense-making emerged through the collaborative analysis.
Even though we have facilitated three other focus groups using the same tutorial and collected many more hours of video of students working through related tutorials, there are no other episodes in our data corpus in which mathematical sense-making is so visible. This is likely because the tutorials emphasize qualitative reasoning and do not prompt the use of equations; Fred and Gus bring in an equation on their own. Other students doing the same tutorial responded to the same prompts with purely conceptual reasoning, and, therefore, mathematical sensemaking was not a step that they would logically have taken even if those students would have been inclined to do so under other circumstances.
So, we are not claiming that Fred and Gus are a representative sample. Indeed, we are claiming the opposite; we picked them because they were atypical, "spontaneously" engaging in equation-based reasoning while working through the conceptual tutorial. Therefore, the value of this study is in its potential theoretical generalizability [37] : this single instance can inform the way we think about mathematical sense-making more generally, by presenting a counterexample that challenges existing frameworks. In other words, this study facilitates theory building in which we posit cognitive constructs and relations among them whose existence and prevalence can be tested in future studies. While gathering more data on mathematical sensemaking in quantum mechanics would be a valuable future research direction-indeed, that is one of our points-the conclusions in this paper, which are theoretical conjectures, do not depend on having a larger data set.
The selected episode lasts 13 minutes and consists of Fred's and Gus's discussion in response to a single prompt in the tutorial (including the interviewer's follow-up questions). This episode ends when the students move on to the next prompt. However, we viewed the full session to see whether the material before and after the episode of interest could further inform the analysis.
Our analysis is grounded in a "resources" theoretical framework [38] [39] [40] that assumes students' thinking can be dynamic and fragmented, with different "conceptions" and different epistemological stances "turning on" in response to different contextual cues. We therefore attend to the dynamics of student thinking on a short time scale, down to individual conversational turns and even within turns, rather than averaging over the whole episode to attribute conceptions and beliefs to particular students.
IV. CASE STUDY
Before the selected episode began, earlier prompts in the particle-in-a-box (PIAB) tutorial had asked the students to consider a one-dimensional PIAB (infinite square well) in the ground state. The students were asked to sketch a graph of the ground-state wave function, which they did correctly. Question 4 then asked, "If you were to measure the position of the particle at some point in time, what position(s) would you expect to measure? Why? Will you get the same measurement every time?" Fred and Gus responded that the wave function represents the probability of finding the particle at each point, and so different measurements will yield different positions, in accordance with this probability distribution.
A. Does energy depend on position?
The episode that we analyze is in response to the next prompt, question 5:
If you were to measure the energy of the particle at some point in time, what would you expect to measure? Why? Will you get the same measurement every time?
Fred's initial response is "So, isn't the energy constant?" We do not have enough information to determine where this is coming from. Fred could be applying (correctly in this case) a principle from classical physics (conservation of energy), or he could be basing this conclusion on quantum mechanics (the system is in the ground state, which has a defined energy). But in either case Fred seems to be applying a general principle, as intended by the tutorial prompt, rather than performing a calculation.
Gus does not take up Fred's proposal. Instead, he asks "What's the full psi equation?" and attempts to reconstruct the time-independent Schrödinger equation, with Fred's cooperation:
Gus: (mumbling) Minus hbar squared over 2 m (pause) partial, um, is it ψ of x, or partial ψ of partial x? Fred: Is this the one [inaud.] the partial derivative of E, like, respect to k, or something like that? (Fred makes a face; Gus doesn't respond, but continues looking at his paper) Maybe that was just some other thing I was doing. (puts his face in his hands) Gus: …plus V of x ψ of x equals-I think it equals an energy? Fred: That sounds about right. Gus: But I know there's something in here (writing). The equation that Gus writes down in the end is
This is almost correct, but has E on the right side instead of EψðxÞ. (This same error has been documented by Singh [26] .
Gus wonders whether this means that the wave function is time dependent, and asks the interviewer for clarification:
Gus: Well, so, when we look at number 5, should it just be like ψ of x (turning to interviewer), or should it be ψ of x and t? Or would that be giving away too much? Interviewer: Well, we're-it's asking about the energy. So if you were to measure the energy, what would you expect to measure, so same question as 4, but 4 was asking about measuring the position, and now we're asking about measuring the energy. Gus: Oh, ok. Kind of the same as the previous one, which isFred: Yeah, because the energy depends on the wave function. And since the wave function is never, like it's not, never like the same at any point, like it has different values, so the energy would depend on the position? Of the particle? Would it? Does that make sense? Gus: Well, we are taking, like, ψ and V at a certain, like, x coordinate, and [inaud.] understand why this is 0 to L, so like V of x here, or V of x here, would be different from V of x / Fred: Yeah / Gus: here.
We can model part of Fred and Gus's reasoning here in terms of the dependence symbolic form, whose symbol template is simply that a quantity is a function of another quantity and whose conceptual schema is the idea that one entity or process is causally or structurally linked to another (e.g., "the more I get behind schedule, the more anxious I become."). Gus and Fred are looking at the equation and concluding that, since the energy is a function of ψ, and ψ is a function of position, the energy is therefore a function of position. Therefore, the energy of the particle does not have a fixed value, since the particle's position does not have a fixed value. Based on this mathematical sensemaking, the students reject Fred's original idea ("isn't the energy constant?") in favor of drawing a conclusion from DREYFUS, ELBY, GUPTA, and SOHR PHYS. REV. PHYS. EDUC. RES. 13, 020141 (2017) 020141-6 the equation. The equation they wrote down is incorrect, so it is no surprise that their mathematical sense-making leads to an incorrect conclusion. Our point here, however, is that they are mathematically sense-making instead of just "plugging and chugging" or performing symbolic manipulations. In other words, rather than using the equation as merely a computational tool, they examine the functional dependencies in the equation to draw conclusions (albeit uncertain ones) about which physical parameters depend on which other physical parameters, linking those mathematical dependencies to physical dependencies for the PIAB.
B. Questioning their conclusion
Fred and Gus do not simply accept the answer they reached so far, based on "mathematical" reasoning, as correct. They question whether they have reached the right conclusion:
Fred: It's just a weird concept to think that the energy is / Gus: Yeah / Fred: dependent on the position. (pause) Is it? (pause) I mean, according to that equation it is. Gus: Yeah, if that's the right equation, then yeah. Oh yeah, I think it's 'cause usually when we do these infinite well problems, we assume like V equals 0 here, V equals 0 here, and then V equals like 5 electron volts or something inside. So that's probably why you just assume. Fred: Ok. Gus: 'Cause V, or-yeah, V will be the same here, but I think ψ, since ψ is different along this curve, even though V is the same, the energy might change. [Inaud.] wonder if I'm just like pulling this out of thin air. But, umFred: I'm good with saying that, that it would be the same because it depends on the wave function.
Fred is torn between (i) the result that, "according to that equation," the energy depends on position, and (ii) his earlier result based on either physical intuition and/or the conceptual principle that the energy is constant. While he does not dispute that the equation leads to this result, he is uncomfortable with it, saying that it is "just a weird concept." Gus has lingering doubts about whether "that's the right equation" or whether he is "just like pulling this out of thin air."
In this segment, we see Fred and Gus continuing to invoke dependence ("since ψ is different along this curve… the energy might change") but also engaging in facets of mathematical sense-making different from what we discussed above. First, instead of simply accepting their mathematically based conclusion as correct, they acknowledge that they might have made a mathematical error ("wonder if I'm pulling this out of thin air"). Although seemingly mundane, this kind of questioning of mathematical conclusions does not always occur when students solve physics problems [22, 41] . And relatedly, as the discussion continues, the students explicitly connect epistemological issues concerning the (counter)intuitiveness of quantum mechanics to whether they should trust counterintuitive mathematically based conclusions:
Interviewer: What would you expect the-if, if it weren't for that (the mathematically based conclusion that energy depends on position), like what would be more intuitive? Gus: UmFred: I would think like the energy would be constant at each n level. Like n equals 1 has like a constant energy value, um, pertaining to it, n equals 2 has like a constant energy value pertaining to it. That's what it seems like it would be to me. Gus invokes an energy-as-vertical-location metaphor [42, 43] to develop a classical analogy supporting Fred's idea that a particular constant energy should "pertain" to each n level. Fred endorses the analogy ("Mm hmm") but then makes an epistemological claim: "quantum mechanics doesn't make sense a lot of the time." Fred and Gus then use that epistemological warrant to "just go with that," the equation-based conclusion that "the energy depends on the position." Their laughter and jokes about earning "partial credit" suggest that they do not see their conclusion as completely solid.
So, in this segment, we see Fred invoking an epistemological view about quantum mechanics-"[it] doesn't make sense a lot of the time"-as a warrant for dismissing their physical intuition when it conflicts with their counterintuitive equation-based conclusion. While this attitude is sometimes expressed by introductory students about physics in general, it is also exhibited in ways specific to quantum mechanics even among more advanced students and experts [4, 44, 45] . Reasonable physicists can disagree about the extent to which quantum mechanics doesn't make sense and therefore how carefully one should question and recheck a given unexpected conclusion derived from mathematics. In any case, now that the students have reached an impasse, the subsequent dialogue suggests that part of Fred's motivation may be to take an escape hatch [34] to close the conversation. Our point here is that Fred and Gus are considering, at all, for whatever reasons, the broader issue of to what extent mathematically derived results should (or should not) make sense in quantum mechanics. Whether we categorize this reasoning as an aspect of mathematical sense-making or as something linked to mathematical sense-making-perhaps "epistemic cognition about mathematics"-our point is that it instantiates a form of sense-making that, when further developed, can contribute to expert learning and problem solving in quantum mechanics. That is why we have flagged it in this paper.
C. Dependence redux
At this point, the interviewer decides to correct the equation to see whether this will assist Fred and Gus in reconciling the equation with their intuition:
Interviewer: All right, so I think, I was going to tell you that in the equation, so the issue there, on the right side of the equation, it's gonna be E times ψ on the other side. /Fred: Mmmm!/ 'Cause that's the eigenvalue, so you do stuff to ψ, it equals to this value times ψ. Fred: So even if we divide this over, /Gus: Well…/ it would still be-it would still be dependent on the ψ. Gus: I mean, well, we could divide, but that would just be 1 over ψ x here. The interviewer's intervention has little impact on the students' reasoning and conclusion. The inclusion of ψ on the right side of the equation simply leads them to divide both sides by ψ to "isolate the energy," and they still find that the energy depends on ψ, which depends on x. So, the students continue to interpret this equation with the Dependence symbolic form, treating the equation as a regular algebraic equation, not an eigenvalue equation.
V. DISCUSSION: MATHEMATICAL SENSE-MAKING IN QM
In this section, we use Fred's and Gus' reasoning as a launching pad to begin building theory about what mathematical sense-making might look like in quantum mechanics. As emphasized above, we offer constructs and conjectures not as "proven" but as ideas to be refined and tested in future work. Fred and Gus inspire and illustrate but do not provide empirical support for these ideas.
A. The intersection of epistemology and mathematical sense-making
Previous work discussing how physics and engineering students' epistemological stances affect (and are affected by) their use of mathematics has mostly (but with some exceptions) been contextualized to lower-division courses. These case studies have mostly highlighted cases where epistemological stances contributed to students' "overtrusting" their (mistaken) mathematical reasoning at the expense of everyday intuitions, or conversely, trusting their intuitions and revisiting the (incorrect) mathematics to attempt a reconciliation [30, 41, [46] [47] [48] [49] . So, in this body of work, trusting math to the detriment of physical reasoning is generally the "unsophisticated" epistemological stance.
In quantum mechanics, by contrast, many of our everyday physical intuitions-that particles have well-defined trajectories, that the lowest possible kinetic energy a particle can have in a given scenario is zero-are violated. So, students (and experts) can reasonably argue that, in certain quantum mechanical contexts, it is epistemologically sophisticated to "just trust the math" to the detriment of physical reasoning more often than might be the case in, say, classical kinematics. And at a more meta level, the value of students stepping back and thinking about this epistemological issue may be higher in quantum mechanics than in more "intuitive" branches of physics. In other words, we see value in the "mathematical sense-making" (or whatever it should be called) illustrated in Sec. IV. B. In QM learning and problem solving, carefully playing out a mathematical argument and also a conceptual argument, and then using epistemological considerations to help choose between those two paths when they cannot be reconciled, can be more productive than just choosing one path or the other. Or so we hypothesize.
B. Productive "classical" symbolic forms
We hypothesize that many of the symbolic forms identified by Sherin, though generated in an introductory physics context, can also support mathematical sensemaking in quantum mechanics. Fred and Gus' dependence-based reasoning was unproductive when applied to an eigenfunction-eigenvalue equation, but would likely be productive in other QM scenarios. For instance, consider DREYFUS, ELBY, GUPTA, and SOHR PHYS. REV. PHYS. EDUC. RES
Dependence-based reasoning applied to this expression could help students understand why higher-energy orbitals correspond to higher r, i.e., to wave functions for which hri is greater. Similarly, the base þ change symbolic form can be productive in a number of contexts in quantum mechanics. One example is perturbation theory, where the Hamiltonian might be written in a form such asĤ ¼Ĥ 0 þĤ 1 , whereĤ 0 (the "base") represents the Hamiltonian for an "unperturbed" system for which the Schrödinger equation has a known solution, andĤ 1 (the "change") represents a small perturbation to that Hamiltonian. Even if this equation is written with different symbols (e.g.,Ĥ ¼Ĥ 0 þ λV), the base þ change structure is still evident, and it can be productive to conceptualize the eigenfunctions ofĤ 1 H 0 þĤ 1 as the "base" eigenfunctions (ofĤ 0 ) modified by a small "change."
So, our conjecture here has two parts. First, we conjecture that symbolic forms can be used to describe and analyze some aspects of mathematical sense-making in quantum mechanics. And second, we suspect that many of the previously identified symbolic forms play a role in that sense-making; as researchers we do not need to identify an entirely new collection of forms.
However, some new symbolic forms are needed, as we now discuss.
C. New symbolic forms for QM mathematical sense-making
Fred and Gus' reasoning in Sec. IV. C inspires us to hypothesize that productive mathematical sense-making in QM includes previously unidentified symbolic forms that contribute to understanding eigenvalue-eigenvector equations.
We are not the first to focus on eigenvalue-eigenvector equations as a source of student difficulties. Thomas and Stewart [50] argued that such equations are particularly difficult to understand conceptually because the two sides of the equation, Ax ¼ λx, represent two different processes on the same object. They showed that students continue to think about these equations symbolically and procedurally, rather than conceptually. In other words, students do not generally mathematically sense-make when using eigenvalue-eigenvector equations. Fred and Gus, by contrast, are engaging in mathematical sense-making, but using a symbolic form (dependence) that may both reflect and reinforce their treatment of the equation as a "regular" algebraic equation. This locally coherent pattern of reasoning may help to explain why the interviewer's intervention, in which he not only corrects the Schrödinger equation but also reminds the students to think of E as an eigenvalue, has little effect on the students. It might also be the case that the students do not yet have in their cognitive ecologies certain tools that could help them make better sense of the time-independent Schrödinger equation, which is an eigenvalue-eigenvector equation. In the remainder of this section, we explore what those tools might be, representing them as symbolic forms.
The transformation symbolic form
To make sense of eigenvalue-eigenvector equations and other QM formalism, students must understand that an expression such asĤψ orŜϕ represents not multiplication, but rather, an operation on a vector or function that transforms it into another vector or function. We propose representing this understanding of "operating on a state" as follows. The symbol template is□j i, where□ is an operator and j i is a state, represented as a vector, function (e.g., in position or momentum space), or abstract ket. The corresponding conceptual schema is reshaping, the intuitive idea of "stuff" getting molded into a different shape. So, an operator acting on a vector "spits out" another vector that in general points in a different direction. Or, an operator acting on a wave function spits out a new function with a different shape. This reshaping conceptual schema, when coupled to the□j i symbol template, constitutes the transformation symbolic form. We conjecture that transformation is part of expert physicists' cognitive ecologies and that students can learn it, though doing so is not easy. Whereas Sherin's original symbolic forms activated in classical physics scenarios often lead to a ready physical interpretation (e.g., final velocity is initial velocity plus change in velocity), transformation in the quantum context is less directly connected to physical entities. For instance, the momentum operator acting on a state,pj i, may not have an obvious physical meaning on the surface, though if the vector resulting from this operation is expressed in the momentum basis, it can be understood as a list of possible measurement outcomes with associated probabilities. Taking the inner product of this entity with the corresponding "bra," h j, we obtain a different physical thing, the expectation value of momentum. In the common, special case of the Hamiltonian acting on a wave function, the transformationĤψ is proportional to the rate of change of ψ, a mathematical function that must further be manipulated to yield the wave function at a later time. (In other contexts, the transformation symbolic form has different meanings. For example, if a rotation matrix acts on a vector, the result is the same kind of vector but pointing in a different direction.) Further research is necessary to understand how students see the relationship between these different instantiations of transformation.
So, transformation illustrates a conjecture we now put forward: "new" symbolic forms needed for mathematical sense-making in QM, as compared to the "old" symbolic forms Sherin catalogued in introductory physics, will typically be a step farther removed from physical interpretations.
Eigenvector-eigenvalue symbolic form
Here we propose the existence of a new symbolic form, eigenvector eigenvalue. While this type of equation is of course nothing new to physics faculty or advanced students, it represents a new addition to the symbolic forms framework in both content and structure. Its symbol template is□
where the state vector or function is the same on both sides and where C is a constant with (or without) units. The conceptual schema is complex because both sides of the equations are, separately, symbolic forms. The left side is the transformation form we just discussed. The right side is the coefficient form from Sherin's original study, in which a quantity interpreted as a constant is multiplied by a quantity interpreted as changeable, and with the constant interpreted as a coefficient-something that "tunes" or moderates the changeable quantity. 1 This difference between the symbolic forms corresponding to the right vs left side mirrors Thomas and Stewart's [50] insight that eigenvector-eigenvalue equations are difficult for students because the two sides correspond to two different processes on the same object. The equals sign in the equation also has a specific meaning: for a given operator, there are particular values of C and j i that satisfy this condition of equality and are solutions to the eigenvalue equation. This is different from other meanings that the equals sign can have [51, 52] , such as definition or "happens to be the same."
The conceptual schema corresponding to the eigenvector-eigenvalue form as a whole is transformation that reproduces the original, the idea that a potentially transformative process has a net effect of reproducing the original state of affairs. This conceptual schema underlies the sense that the following two scenarios are similar in a way: Trying to hike out of a woods but ending up back where you started (perhaps with more mud on your boots), and trying to scour scratches off a bowl but creating as many new scratches as are removed.
The eigenvector-eigenvalue symbolic form constituted by the coupling of the above symbol template to transformation that reproduces the original supports the following interpretation of an eigenvector-eigenvector equation: Each solution to the equation is a state vector or function paired with a coefficient such that the operator acting on that state spits out the same state multiplied by the coefficient. And therefore, states for which the operatorinduced transformation does not "reproduce" the original state are not solutions.
Expert reasoning with eigenvector-eigenvalue equations in quantum mechanics adds layers of physical interpretation on top of this conceptual understanding of the equation: (1) The operator corresponds to a physical quantity such as energy or momentum, (2) the solution states correspond to eigenstates of that quantity-states for which the physical quantity has a definite value, a value given by the eigenvalue (coefficient).
In Fred and Gus's interview, once the interviewer corrected the time-independent Schrödinger equation, activation of eigenvector eigenvalue in the students' reasoning might have disrupted their treating E as something that could be variable or constant, depending on the functional relations on other side of the equation. That symbolic form might have supported their conceptual conclusion that E-the eigenvalue in that equation-must be constant for a given "allowed" state such as the ground state. In other words, what is leading the students astray is not the absence of symbolic forms in their reasoning about the time-independent Schrödinger equation, but which symbolic form they employ. They are not identifying it as an eigenvalue equation and therefore not attending to the varied ontologies of the mathematical objects in the equation (scalar constants, states, and operators) and the relations among them specified by eigenvector eigenvalue.
D. Differences between the "old"
and "new" symbolic forms
In this section we briefly highlight two differences between the old symbolic forms from Sherin's original study and the new forms proposed above.
Directness vs indirectness of physical interpretation
The old forms such as base þ change and parts of a whole, when activated within a particular classical context, invite a ready, even obvious physical interpretation. For instance, parts of a whole applied to an expression for the total energy of a system immediately invites a physical interpretation of the different terms as "contributions" to the overall energy. By contrast, as discussed above, associating physical meaning with transformation and eigenvector eigenvalue is more indirect, involving multiple steps of reasoning. We conjecture that other "new" symbolic forms involved in students' QM mathematical sensemaking may also display this kind of complexity or indirectness of physical interpretation.
Primitive vs compound forms
Transformation is primitive; it is not built out of other symbolic forms. By contrast, eigenvector eigenvalue is compound (nonprimitive), with a conceptual schema that is more complex than a single p-prim-like intuitive idea. We conjecture that, as compared to mathematical sensemaking in introductory physics, mathematical sensemaking in quantum mechanics will involve compound symbolic forms a higher percentage of the time. This is analogous to the description that the resources framework [38, 53, 54] gives for conceptual physics reasoning: the resources include basic everyday ideas such as p prims [39] , but also include more complex resources compiled from multiple elements [55] .
VI. IMPLICATIONS AND CONCLUSIONS
In this theory paper, using Fred and Gus as a touchstone, we introduced some constructs and conjectures about the nature of mathematical sense-making in quantum mechanics, how it might differ from "classical" mathematical sense-making in some ways but not others. We proposed that, in QM, metalevel reasoning about trustworthiness of and relations among, mathematical, conceptual, and intuitive reasoning might be essential to productive learning and problem solving. We also proposed that in QM mathematical sense-making, as in previously documented instances of mathematical sense-making in (mostly classical) physics, (i) parsing the conceptual meaning of mathematical expressions and equations can play a key role in mathematical sense-making, and (ii) Sherin's symbolic forms are useful for modeling the knowledge elements students activate when parsing those conceptual meanings. However, productive mathematical sense-making in QM requires new symbolic forms not documented in Sherin's original study, which took place in the context of classical, lower-division physics. We proposed two new forms, transformation and eigenvector eigenvalue, while noting that others likely exist as well. Again, while our work is based in the QM context, there are of course other areas of physics where these symbolic forms may be relevant to students' mathematical sense-making.
A. Implications for instruction
Because this is early theoretical work, not an empirical study, we need to be extremely cautious about recommending instructional moves. All we can do for now is point to instructional goals. Recently, PER has focused on the instructional need to improve (i) students' conceptual understanding of QM and (ii) students' facility with difficult mathematical formalism such as eigenvalue-eigenvector equations. To these important goals we add mathematical sense-making. Fred and Gus got stuck not because of inadequate conceptual understanding (they articulated that different PIAB "levels" should correspond to different constant energies), and not because of inadequate skill at solving eigenvalue-eigenvector equations (they did not need to actually obtain the energy eigenstates and eigenvalues to address the question at hand, whether E is constant for the PIAB in the ground state). What they needed instead was a conceptual understanding, grounded perhaps in the eigenvector-eigenvalue symbolic form, of the meaning of the time-independent Schrödinger equation. So, Fred and Gus illustrate why we urge instructors to address students' mathematical sense-making in QM courses.
B. Implications for research
While Fred and Gus engaged in many aspects of mathematical sense-making, which has helped students make progress in other settings, it actually led them astray in this case. This raises a crucial focus for research: What domain-specific knowledge about the structures of QM equations is needed in order for students' mathematical sense-making to be productive, at least most of the time, toward getting correct answers? This question can guide future research on students' mathematical sense-making involving not only eigenvector-eigenvalue equations, but also other types of mathematical and physical structures relevant to quantum mechanics, including spin [56] , inner products [57] , and Hilbert space. While our description of the "new" symbolic forms relevant for quantum mechanics has been primarily theoretical, empirical observation of students using these symbolic forms will contribute to our understanding and help refine the theory.
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APPENDIX: TRANSCRIPT CONVENTIONS
Parentheses are used to indicate gestures and actions, e.g., "(writing)", as well as pauses.
"[inaud.]" represents words that are inaudible or incomprehensible.
" […] " means that some dialogue is skipped in the transcript included here. The transcript of the full episode is available in the Supplemental Material [58] .
Slashes are used when one speaker talks over another, e.g., "Fred: So even if we divide this over, /Gus: Well…/ it would still be"
An em dash indicates when a speaker is cut off (e.g., "Gus: Oh, ok. Kind of the same as the previous one, which is-") or cuts themselves off (e.g., "Gus: 'Cause V, oryeah, V will be the same here").
